§80-73399

JCTURE
;a-TM-8C934)  LEC
Sgg;ggg? (NASA) 228°® gnclas

17267

€0 BY
ONAL TECHNICAL

RMATION SERVICE
Sk,




ATTENTION

PORTIONS OF THIS REPORT ARE NOT LEGIBLE.
HOWEVER, IT IS THE BEST REPRODUCTION
AVAILABLE FROM THE COPY SENT TO NTIS.



ICASE WORKSHOP ON
MULTI-GRID METHODS

1. Introduction. Basic multi-grid processes and results.
2.' Nonlinear Problems. The Full Approximation Scheme (FAS).
3. Nonuniform grids and adaptation techniques.
4. Finite-element formulations.
5. Multi-grid analysis, prediction and optimization.
6. Generalized relaxation schemes.
7. Navier-Stokes equations. Distributed relaxation.
§. Transonic flow problems. (J. C. South)
9. Parabolic time-dependent problems.
10. Using composite meshes for time—depenaent problems. 7(3. Oligery
11. Singular perturbation multi-grid techniques.
12. Multi-grid programming.

13. The multi-grid software. (F. Gustavson)
14. Multi-grid processes on large array computers. (C. E. Grosch)
15. Multi-grid experience on the minimal-surface equations. (D. J. Jones)

16. Multi-grid experiments to elliptic problems with finite-element
formulation. (C. Poling)

17. Residual weighting and non-Dirichlet boundary conditions.
18. Debugging techniques.

List of participants.



I. INTRODUCTION.

BASIC MULTI-GRID PROCESSES AND RESULTS
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2, NONLINEAR PROBLEMS.

THE FULL APPROXIMATION SCHEME (FAS)
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3, NONUNIFORM GRIDS AND ADAPTATION TECHNIQUES.
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5. MULTI-GRID ANALYSIS,

PREDICTION AND OPTIMIZATION
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8. TRANSONIC FLOW PROBLEMS
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PARABOLIC TIME-DEPENDENT PROBLEMS.
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12, MULTI-GRID PROGRAMMING.



MuLTT - GRID ProcessEs
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Grids creation (V)
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Geners| voutines
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caLL Key (R, 11,12, 71, J2,JR, )

will output 1,12 A6), 9264), H garro R
JRE) wil be set so that Y <« 320
u!:f = QERGI+ ) 3

' <« )

(n € 612, Ji)e J = J:.(c))

SusRouTINE sutF(iF) I ¢ 12
common Q(-), J1(-), (), JR() :
cALL KEY (k,T1, 12, J1,92, 7R, H)

Do | T=11,12
Do 1| ¥sal(r),Ja(r)

| QUR(T)+J) = F(1ed,JvH)

END

¢ Once for all 9“‘&5 L, fumekions F .
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APPENDIX B: SAMPLE MULTI-GRID PROGRAM AND OUTPUT.

This simple program of Cycle C (written in 1974 by the author at the
Weizmann Institute) illustrates multi-grid programming techniques and
exhibits the typical behavior of the solution process. For a full

description of Cycle C, see Sec. 4 or the flowchart in Fig. 1.

The program solves a Dirichlet problem for Poisson equation on a

k-1

rectangle. The same 5-point operator is used on all grids. The I X

residuals transfer is the trivial ame (injection), the I X

is linear. The higher interpolation (A.7) and the special stopping

interpolation

criterion (A.l16), recommended for the first [g/pl cycles, are not implemented

here.

For each grid Gk we store both vk and fk (k=1,2,...,M). For handling
these arrays fk is also called V"™, The coarsest grid has NXO0 x NYO
intervals of length HO each. Subsequent grids are défined as straight re-
finements, with mesh sizes H(k) = HO/2**(k-1). The function F(x,y) is the
right-hand side of the Poisson equation. The function G(x,y) serves both
as the Dirichlet boundary condition (@M) and as the first approximation
(uz). The program cycles until the L, norm of the residuals on GM is re-
duced below TOL, unless the work WU exceeds WMAX. After each relaxation
sweep on any grid Gk, a line is printed out showing the level k, the iz
norm of the ("dynamic") residuals computed in course of this relaxation,

and WU, which is the accumulated relaxation work (where a sweep on the

finest grid is taken as the work umit).



evEeas

Note the key role of the GRDFN and KEY subroutines. The first is used
to define a grid (vk), i.e., to allocate for it space in the general vector
Q (where IQ points to the next available location), anérto store its para-
meters. To use grid vk, CALL X®Y(k,IST,M,N,H) retrieves the grid para-
meters (dimension MxN and mesh-size H) and sets the array IST(i) so that
vi§ = Q(IST(i)+j). This makes it easy to write one routine for all grids

vk; see for example, Subroutine PUTZ(k}). Or to write the same routines

(RELAX, INTADD, RESCAL) for all levels.

To solve on the same domain problems other than Poisson, the only
subroutines to be changed are the relaxation routine RELAX and the re-
sidual injection routine RESCAL, the latter being just a slight variation

of the first.

For different domains, more general GRDFN and KEY subroutines should -
be written. A general GRDFN subroutine, in which the domain characteristic
function is one of the parameters, has been developed, together with the

corresponding KEY routine. This essentially reduces the procramming of

any rmulti-grid solution to the programming of a usual relaxation routine.
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Set k=M, f*eFM gregM, KM

!

| yKaRelax[k-=f%, AK.=g¥Ivk %

N N
CHos vk converged? ° Is convergence slo@——g-

YES YES
k=M k=0
ENCIR
k<M k>0
Y Y |
kK =—Kkel : " Ke—Kk-I|
v yk o I":_lv"'l vk=0

k k kel kel kel
f Inl(f L) L

Kootk  (qke! _ pkel kel
¢ Ihl(¢‘ - At vR)

Figure |. Cycle C, Linear Problems



EEOGRAM CYCLE C

EXTZRNAL G,F

CALL MULTIG (3,2,%1.,6,.01,30.,G,F)
STOP

END

PONCTION F (X,Y)
F=SIN (3.* (X+Y))
REETURN

END

CYCLE

c /R-/0

Right-hand side of the equation

FUNCTION G(X,Y) Boundary values and first approximation

G=COS (2.* (X+Y))
EZTURN
END

SUBROUTINE MULTIG (NXC,NYO0,d0,H,TOL,WMAX,T1,F)
EXTZRNAL 01,7

DIMZINSION :.PS(10) Multi-grid algorithm (see Fig. 1)

DO 1 K=1,H
K2=2%* (K- 1) ‘
CALL GRDFN(K,NXC*K2+1,NYO*K2+1,4H0/K2)
CALL GRDEN(K+M, NXC*K2+1,NYC*K2+1,HC/K2)
EPS (M) =T0L
K=
wu=0
CaLL PUTF(4,U1,0)
CAlL PU:T(Z*H r,4)
ERx=1.230
- EXRP=Zal .
CALL REILAX(K,K+X,ERK)
SaU+U ** (K-1) '
WRITZ (6,4)K,ZRKk, WU

TORAAT (' LEVEL',IZ,' RESIDUAL NCR¥=',1PE10.3,'

ZF(SER.LT.EPS(K))GOTO 2

I7 (WU.GE.WMAX)EETUERN

I?(K.EQ2.1.0%. ERR/ERRP.LT. .6)GOIC 3
CALL RESCAL (K,K+M,K+M-1)

FPS (K=1) =.3*CZE

K=K=-1

CAlL PUTZ(K)

GOTO 5
iF (K.EQ
CALu Ih:
K=K+1
GOTO 5
ZND

SUBROUTINE GADFN (N, IMAX,JMAX,HH)
COMMON/GRD/NST (20) ,IMX(20) ,IMX(2J) ,H (20)
DATA IQ/1/

NST {N) =I¢

TAX (N) =IMaX

JUX (V) =3 MaK

B (N) =RH

I0=IQ+INaX*JIMAX

EETURN

END

SUBZOQOUTINE KEY(K,ZIST,IMAX,JMAX,HH)

4O0SK="

yCPT7.3)

n=.6

§=.3

Define an IMAX X JMAX

N
array v



COMHON/GRD/NST (20) ,INX (20) ,JHX{20) ,4(20) ~  Set IST such that /A~
DIMZNSION IST(1) : - x j

IMAX=IMX (K) v (1,3)= Q(IsT(I) + 9,
JUAX=JMX (K)

IS=NST (K) -JHAX-1 and set IMAX = IMX(K)
po 1 I=1,IMAX JMAX = JMX (K)
IS=IS + JMAX

IST (I) =iS HH = H(K)
Bu=H (K) - .

RETURN

END

SUBROUTINE PUTF(K,F,NH) X NH X

COMMON Q (18000) ,IST (600) v:i <« H(K)"" *F

CALL KEY (K,IST,Ii,JdJ,H)
H2=H**NH '
go 1 I=1,3I1

pa 1 J=1,4JJ

X=(Z=1)*H4

Y=(J-1)*H

Q(IST(I)+J)=F (X,Y)*H2
SETURN

EXD

SUSZOUTINE PUTZ (K) K
COMJON Q (18000) ,IST(200)
CALL KEY(K,IST,II,JJ,H)
p0 1 I=1,II

Do 1 J=1,dJ

0 (IST (I)+J)=0.

RZTURN

END

SUBXOUTINT RELAX (K,KRHS,ERR)
COMMON Q(1800C) ,IS (200),IRHS(203) A Gauss-Seidel Relaxation sweep
CALL KE.Y(K,IST,II,JJ,H) '
CALL KIY(KRHS,IERKS,ZZ,JdJ,H) on the equation
I1=1I-1
J1=3J-1 %yx=vmms
z22r=0.
PO 1 I=2,I1 giving
I2=IRHS (T)
I3=IST () 7 ERR = HresidualsHL
IN=IST (I-1) ’
IP=IST (1-1)
po 1 J=2,d1
(IR=J)=Q (I0+J+1) -Q (I0+J~-1)-Q (I ¥+J) -Q(IP+J)
ERP+(A+U.*Q(IO+J))**2
-J) ==.25*A
SQ""("RR)/H

[ | I O ||
3

t1 0t 1Oty 3o
e
%K

- O IR/ I 2 ¢ R ||
(GRS R NERON G

SUBROUTINE INTADD (KC,KF)

COMN0N Q (18080) ,ISTC (2€3) ,ISTE(209)
CaLl KZIY (KS,ISTC,IiC,JJC,EC) S L, E KC
CALL KZY (KF,ISTF,IZF,JJF,HF) Ke

DO 1 IC=2,IIC

IF=2%1IC-1

Jr=1

. Linear interpolation and addition



ITO=ISTF (IF) - T ‘ - : 2 DR
IFM=ISTF (IF-1) ' / °?- /.2.
ICO=ISTC (IC) : o
ICM=ISTC (IC-1)

Do 1 JC=2,JdC

JF=JF+2

A=.5% (Q (ICO+JC)+Q (ICO+JC-1))

AM=,5% (Q (ICH+JC) +Q (ICM+JIC-1))

Q (IFO+JF) = Q(IFO+J7) +Q{IC0+JC)

C(IFM+JF) = Q(IFM+JF)+.5% (Q(ICO+JC)+2(ICiH+JCQ))

Q (IFO+JF=1) =Q(IFO+JF-1) +A

Q(IFM+JF=-1) = Q(IFM+JF-1)+.5%(A+Al)

RETURN

END

SUBROUTINE RESCAL (KF,KRF,KRC)
COMMON Q (18000) ,IOUF (200) ,IRF (200) ,IRC(250)
CALL KZY (KF,IUF,IIF,JJF,HF) Residuals injection
CALL KEY (KRF,IRF,IIF,JJF,HF) :
CALL KEY (KRC,IKC,IIC,JJC,HC)
IIC1=IIC~-1
JJC1=3JC-1 , FC o gooarse (JKRE 5 o)
Do 1 IC=2,IIC1
ICR=IRC (IC)
IF=2*IC-1
JF=1
IFR=IRF (IF)
IFO=IUT (IF)
IFM=IUF (IF-1)
IFP=IUF (IF+1)
po 1 JC=2,JJ3C1
JT=JF+2 .
S=Q (IFO+JF+1)+Q(IF0+Jr=1) +Q (IFM+JF) +Q (IFP+JT)
Q(ICR+JC) =8 .* (Q(IFR+JF) =S+U . *G(IFO0+JF))
EZTURN
END
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'EL
"L
9
'EL
[EL
IEL
TZL
ITLL
/EL
{EL
TEL
IEL
/tl
TLL
{EL
{EL
2L
2L
VEL
7zl
Vol
VEL
vl
VEL
VEL
VEL
VZl
VZL
VEL
VEL
" VL
VEL
VEZL
VEL
VEL
VoL
VEL
VIl
VEL
VEL
VEL
Vel
VEL
VZL
VEL
VZL
VEZL
VEL

UMM ELrLWONNDWWE pmma\o\mmmpawN_n_lNNwa‘c?(ﬂ(ﬂmmc\mm-‘:-F'UJNNLU(AJCcu’lu‘a\m

RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RZSIDUAL
RZSIDUAL
RESIDUAL
RZSIDUAL
RZSSIDUAL
RESIDUAL
RZSIDUAL
RESIDUAL
R2SIDUAL
RESIDUAL
RESIDUAL

- RESIDUAL

RESIDUAL
RESIDUAL
RESIDUAL
RISIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
REZSIDUAL
RESIDUAL
RESIDUAL
RESIDUAL
RESIDUAL

NOEM=
NOEM=
NORM=
NOEM=
NOKM=
NORNM=
NORH=
NOEM=
NJEHN=
NORM=
NORM=
NORM=
NORM=
NOERHN=
NOERM=
NORM=
NJOEM=
NORM=
NO&lM=
NORHU=
NORU=
NChM=
NORNM=
NORNM=
NOEKM=
NORM=
NORMN=
NOEM=
NJEM=
NORN=
NORM=
NORM=
NOERHM=
NIRM=
NIEM=
NORM=
NORM=
NJRM=
NJIRM=
NJIERM=
NOERM=
NOEM=
NORM=
NORH=
NORMN=
NORNM=
NORM=
NOEM=
NJORM=
NORM=
NJRM=
NORM=
NJEN=

2.5314E401
2.76LE+01
2.659E+01
2.555E+401
2.317E+01
2.055E+01
1.649Z2+01
1.285E+01
7.626E+00
3.84CE+Q0
5.058Z+00
8.00€E+00
2.545E+00
9.73€E+00
2.464E+C0
1.064E+01
2.442E+00
2.399E+CO
2.351E+00
2.3C3E+00
2.173E+40C
2.043E+00
1.7392+400
1.4S3E+400
S.889E-01
6.183E-01
2.760£-01
5.170E-02
2.292E-01
5.4€5E-01
7.71CE-01
1.163z-01
8.657c=01
1.058E-C1
9.059£-01
1.052E-01
1.012E-01
9.75¢E-02
9.452E5-02
8.710E-02
7.960E~-02
6.389E-02
4,931E-02
2.91€6E-02
1.622E-02
1.017E-02
1.949E-02
3.1282-02
8.843E~03
3.710E-02
8.4886Z~-03
4.0C7z=02
9.051E-03

WORK=
WOERK=
WORK=
WORK=
HORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WORK=
WOEK=
WORK=
WORK=
WOEKs=
NORK=
WORKs=
WORK=
WORK=
WORK=
WORK=
WORK=
NORK=

WORK=

WOEK=
WORK=
WORK=
¥ORK=
WORK=
HORK=
WORK=
WORK=
WORK=
WORK=
WORK=
NORK=
WORK=
WORK=
WORK=
WORK=
WOR K=
WORK=
WORK=
WORK=
WORK=
WORK=

"1.000
2.000

2.250

2.500
2.563
2.625
2. 641
2.656
2.660
2.664
2.580
2.742
2.805
3.055
3.305
4.305
5.305
6.305
6.555
6.805
6.857
6.930
6.945
6.961
6.965
6.969
6.97C
6.971
6.975
6.990
7.053
7.115
7.365
7.615
8.615
5.615

10.615

10. 865

11.115

11.178

11.240

11.255

11.271

11.275

11.279

11.283

11.299

11.361

11.424

11.674

11.924

12.924

13.2324

. OUTPUT /-3

Error reduction by a factor

greater than 10 per cycle.
Each cycle costs 4.3 wu
Insensitivity: Results would
be practically the same

for any .005 < § < .5

or any 0 <n < .65
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FEOGRAM CYCLE C _
EXTERNAL G, T : : CYCLE C -5
CALL MULTIC (3,2,1.,6,.01,30.,G,F)

STOP

END

FORCTION F (X,Y)
F=SIN (3.*%(X+Y))
EEZTURN

END

Right-hand side of the eguation

FUONCTION G (X,Y)
G=COS (2.* (X+Y))
EETURN

END

Boundary values and first approximation

SUBROUTINE MULTIG (NXC,NYO0,50,H,TOL,¥NAX,U1,¥)
EXTZRNAL 01,F

DIKENSION EPS(10)
DO 1 K=1,M
K2=2%% (K-1)
CALL GEDFN(K,NXO*K2+1,NYO*K2+1,HD/K2)
1 CALL GRDFN (K+M,NXC*K2+1, NYC*K241,H0/42)
EPS (M) =TOL
K=H
WU=0
CaLL PUTF(¥,01,0)
CALL PUTF (2%*M,F,2)
S ERR=1.E30
3 EBEP ERR
L1 RELAX (K,K+H, ,ERR)
-wu WO+4 ., %% (K-¥)
WRITE (6,4)K,ERK, WU
4 FORMAT(' LEVEL',I2,'  RESIDUAL NORE=',1PE10.3,' WORK=',(Pr7.3)
IF (ERR.LT.EPS(K))GOTO 2
IF (WU.GE.WMAX)EETURK
IF (K.EQ.1.0R. ERR/ERRP.1LT. .6)GOTO 3

Multi-grid algorithm (see Fig. 1)

CALL RESCAL (K,K+M,K+M=-1) - n=.6
EPS (K~1) =.3*ERE : -
K=K-1 ) CALL PM‘I‘&(K*—', k) 6=.3
-—€H#1Fa€ﬂﬁﬂﬂf"‘§:=g
GOTO. 5 CALL C‘oﬂRSRES(K,k.,.M)
2 If (K. EQ.E)RETUE§ :
CALL INTADD (K,K < —
Kega1 ) CALL SUB'T’ACTCK'H,K)
GOTO 5 :
END .

SUBEOUTINE GRDFN (N,IMAX,JMAX,HH) Define an IMAX X JMAX
COBHON /GRD/NST (20) INX (20) . ,JNX(20) B (20) N

DATA IQ/1/ array v .

NST (N) =IQ '

INX (N) =IMAX

JEX (N) =IMAX

E (N) =EH

ID=IQ+IMAX*JIMAX

EETURN

END

SUBROUTINE KEY(K,IST,INAX,JNAX,HH) -



\1—!6

SUBROUTINE PUTLIKF,KC) Pa'ru 00001210

COMMON 0(18000).IUF(ZDO).IUC(ZOO) 00001220
CALL KEY(".IUF-IIF:JJF."F) N000123C
galbL CEY(XC,IUC,IIC,JIC,HC) : 0030124¢
00 1 ICmy,I11C ' 0000125¢
[FegwnlCe=} 00001t 26(
_ IFOSIUF(IF) AU : : 2000127¢
1comtuC(IC) 0003128¢
JFe={ , 0000129
00 1 JC=1,JJC ... coo0c130¢
JFEJFe? . . . anoot3id
QCICQ+JCIRQ(IFO+JF) ’ 2000132
1 CONTINUE. = o e _ e o . 2000132
- RETURN } . , N , . ._ 0000134
_ . END ) - - L ) _ 0000138

SUBHTRC T

, Sug‘\’kﬁ-"'

) SUBRQUTINE Mpmip(kF,xC) - e - e Qogui2ia
COMMAON QC18000)IUF(200),IUCC200) 90Q0Qt220
CALL XEY(XF,IUF,11F,JJF,nF) : R 70001330
caLL <EY(XC,INCsIIC,JIC,HC) . o 009012440
no t [Cmi,IIC . . - . 4000129%50
[FegelCl=] . - - 30001260
_ IFOSIUF(IF) B — s e — Q0001270
1co=1uC(IC) ) y . L 200012840
. JFes} = - ] . . ... _ Q0qgui29d
Dg 5;“‘2""’“"" o o — [ 000130¢C
. JFsJF» e we N . . . 2n00131cC
T GICO+IC) setTRemR QfTCJ*-JC)_?_Q (IE(D*JF) - oooo13a
L ___GONTINVE . — — —- ) — — e _..22000133(
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- - | 2= 171
DIMZNSION IST(1) k -

IMNAX=IMX (K) v (I,T)= Q(IST(I) + J),
JUAX=JBX (K)

IS=NST (K) -JHAX=1 and set IMAX = IMX(K)
DO 1 I=1,IMAX TMAX = MK (K)
IS=IS + JMAX

IST(I)=iS HH = H(K)
EH=H (K) -

RETURN

END

SUBROUTINE PUTF(K,F,NH) Koo mao™ . X

COMMON Q (18000) ,IST (600)
CALL KEY (K,IST,II,JdJ,H)
H2=H**NH

po 1 I=1,II -
DO 1 J=1,3J :

X= (Z-1) *H

Y= (J-1)*H

Q (IST(T) +J) =F (X, Y) *H2

SUBZ0UTINE PUTZ (K) K
COMHA0ON Q (18000) ,IST(200)
CALL KEY(K,158T,iI,JdJ,H)
po 1 r=1,II

D3 1 J=1,dJ

2 (IST(I) +J)=0.

AZTURN e '

END

| COARSRES

SUBROUTINE Rbie®® (K, KRHS Jiiv®)

COMMON Q (18000) ,IST(200) ,IRHS (200} A Gauss-Seidel Relaxation sweep
CALL KEY(K,IST,II,JJ,H)

CALL KZY (KRHS,IEES,II,JJ,H) on the equation

I1=II-1

J1=J33-1 Ath = yfRHS

I1 giving
)

ERR = HresidualsHL
I4=IST(I-1) 2 (minus) 2
IP=IST (T+1) — wm (MNUS
DO_1 J=2,d1 —

A5 (TR4J) =0 (I0+J+1) =Q (I0+J-1) -Q(I¥+J) =Q(ID+J)
e T T
1 eyttt Q (TR + 1) g..,;__‘q.;‘é:;(rqb,,i,)

SUBROUTINE INTADD (KC,KF) . . Cos
COMMON Q (18000) ,ISTC (203) ,ISTF (202) Linear interpolation and addition
CALL KEY (KC,ISTC,IiC,JJC,HC) VKF - VIQ-‘ . IKE' VKC

CALL KZY (KF,ISTr,IZF,JdJ:f,HT) ' XC

DO 1 IC=2,1IC

Ir=2*IC-1

JT=1
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IMPLEMENTATION OF THE MULTI-GRID METHOD FOR
SOLVING PARTIAL DIFFERENTIAL EQUATIONS

Fred G. Gustavson
Mathematical Sciences Department
IBM T. J. Watson Research Center
Yorktown Heights, New York 10598

Introduction: In the MULTI-GRID method devclnped by A. Brandt [1], [2] for
solving partial differential equations (PDE), the boundary-value problem is
discretized in several grids of widely different mesh sizes, Interaction
between these levels enables one to solve the possibly nonlinear system of
N discrete equations in O(N) operations and to conveniently adapt the dis-
cretization (local mesh size, local order of approximation, etc.) to the
evolving solution in a nearly optimal way.

This paper presents an overview of a system of programs that allow a
user to generate and manipulate arbitrary two-dimensional grids. The user
would write a high-level program that would apply the MULTI-GRID theory to
his 'PDE. In 8o doing he would call upon system programs that allow him
to conveniently interact between various grids he must generate, In effect,
the system programs convert the FORTRAN language intoc a language to solve
PDE's .via the MULTI-GRID approach.

Our overview will show how one can effectively represent and manipulate
arbitrary two-dimensional grids. Generalization to three and higher dimen-
sions will be mentioned. Section 2 of the paper will describe our data
structure. Section 3 will catalog some of the system programs and the

reason for their existence. Some brief details of their implementation
will be mentioned.

Section 2: A MULTI-GRID DATA STRUCTURE

The basic unit of work in the MULTI-GRID method is the cost of one
relaxation sweep over the fineat grid. Sweeping, therefore, must be an

efficient process, Assuming an x-y coordinate systemf we will set up
a4 uniform mesh given by

i - xd+ihx
L)
Y =y ting

where Xys Voo hx' hy are input parameters and grid points (x,y) nfe

specified by integers 1 and j. We will assume that sweeping is done

in the coordinate direction; so, for example, we may sweep vertical lines
in the negative x direction. One-dimensional storage is very attractive
for storing a contiguous line of data points since a minimal amount of
pointer structure is necessary to access it quickly. When there are gaps
in the line we shall represent the data points as a union of intervals; an

interval is a contiguous line of data points, An example will clarify these
ideas.

=
More generally, a coordinate system described by two parameters,
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Figure 1

Let X, =Y, " 0 and hx = 2hy-- 1. In Figure 1 there are linzs of data

at x values between 2 and 6; i.e., integers in the interval [2,6]. For
each 1, 2 s 4 < 6, there are one or more intervals of grid points; e.g.,
for 1 = 5 there are two intervals described by integer intervals [2,4]

and [8,11]. (See equation (1) for the relation between numerical value Yy
and integer value J.) ,

MULTI-GRID requires four diiferent types of sweeps. They are adaptive
sweeps, partial sweeps, segmental refinement, and selective aweeping.
Because of this we must be able to break up and/or combine grids easily into
other grids. This requires breaking up intervals and reforming them; in
many cases, however, the associated data does not have to be moved. To
facilitate this we propose a more flexible pointer structure, called the
QUAD* gtructure, to describe an interval.

Our data structure for a grid is made of two parts; logical or pointer
arrays to describe grid point (x,y) and data arrays for numerical values
associated with grid point (x,y). Pointer and integer data will be stored
in L space and numerical data in Q space. Assume that our grid is
arranged in lines pointing in the y direction., A quad consisting of four
integer values will describe the first x interval of lines. An x quad
representing interval [a,b] has the following representation:

Qquap = [Toc | a | 2 | NEXT |
1 2 3 4

The second and third entriee describe a and b; 1.e., QUAD(2) = a and
QUAD(3) = b-at+l. The third entry of QUAD is the length (number of y 1lines)
of the interval. Entries one and four of QUAD are pointers into L space.
QUAD(1) contains the location in L space of the y QUAD describing line
x =X, + ahx. By convention the y QUAD describing line x = X, + ihx'

where a s 1 s b, 48 located at position LOC + 4(1-a) of L. QUAD(4)
contains the location in L space of the next X quad, if any, of the

*
QUAD 41s an abbreviation of quadruple,
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given interval of lines. The structure of any y QUAD is the same except LOC

points into Q space; i.e., the y intervals refer to grid points.

Thus LOC

points at the numerical values that are associated with the given grid point,

structure for Figure 1,

Figure 2 contains the QUAD
L-SPACE
QUAD
ADDRESS
LoC a £ | NEXT
a 8 2 5 -0
8 Y 4 5 0
B+4 ¥+5 3 2 8+20
g+8 y+ll |2 3 | B+24
g+12 v+17 2 3 | g+28
B+16 y+24 | 2 9 0
8+20 y+7 7 4 0
B+24 y+1l4 8 3 0
B+28 v+20 8 4 0

Q-SPACE

ADDRESS VALUE
Y v(2,2)
Y+4 v(2,4)
Y+5 v(3,1.5)
Y+6 v(3,2)
Y11 v (4,1)
Y+14 v(4,4)
y+17 v(5,1)
20 v(5,4)
24 v(6,1)
v+32 v(6,5)

Figure 2

1
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1f we want to process the points on line 1 = 5 we access location
L(a) + 4(5-2) = 8 + 12 in L., The QUAD at location B+12 tells us that
grid points (5,1), (5,1.5), and (5,2) (see equation (1) to make translation
from j to y) are present; in addition, another interval is located at
L 1location B+28. Looking at the QUAD at location B+28 tells us that
grid points (5,4), (5,4.5), (5,5), and (5,5.5) are present. Also the
numerical values assoclated with those seven points are stored, in order,
at locations y+17 to y+23 of Q space; e.g., v(5,1.,5) = Q(y+18).

Section 3: SOME SYSTEM PROGRAMS FOR MULTI-GRID

The System Programs for MULTI-GRID will be classified according to
MULTI-GRID operations a3 described by the theory [1], [2]. Because of our
choice of data structure, some of these operations will be subdivided into
three parts. These parts are logical creation of pointer structure,
allocation of Q space for numerical values, and putting numerical values om a

grid. Table 1 below details our routines: they are listed as Routines 0
to Routines 4.

Routines 0 - INITIALIZATION, COMPACTIFICATION

Name FUNCTION/DESCRIPTION
INIT Get parameters from user; set up L and Q space
CMPCTL (h) Compactify L space via garbage collection
CMPCTQ (k) Compactify Q space via garbeze collection
Routines 1 - LOGICAL GRID OPERATIONS
Name ~ FUNCTION/DESCRIPTION
LGRDCR Create logical grid structure given a characterlstic

function CR(x,y); 1i.e.,

CR(x,y) = 0 (x,y) ¢ grid
1 (x,y) € grid

LGRD2F Create logical grid structure given 2 functions,
i.e., Inequalities a < x <b and f(x) sy s g(x)
describe the boundary curve of the grid

LCOARS (k,2) Create logical coarsening of grid k; call it grid ¢
LUNION (k,2,m) Create logical union of two grids; m = kutf

LSECT (k,2,m) Create logical intersection of two grids, m = ka2
LTPOSE (k,2) Create logical tranaspose of two grids; £ = k?:

i.e., Convert a grid stored by vertical lines into
one stored by horizontal lines.

LMINUS (k, 2,m) Create logical difference of two grids; m = k-£
LINNER(k,2) Create set of inner points from grid k; £ = INNER(k)
DELETE (k) Delete logical structure of grid k

T
w
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Routines 2 — ALLOCATION OF Q SPACE AND INSERTION OF NUMERICAL VALUES

Name FUNCTION/DESCRIPTION
QSPACE (k) Allocate storage in Q and supply pointers in L for grid k
QOFF(k) Delete storage in Q previously allocated to grid k.
POINTO(k,2) Point the logical structure of grid k into
the numerical stcrage of grid ¢
TFER(k,2) Transfer numerical values from grid k to grid %
TFERTP(k,2) Transfer numerical values 1n_£;anqused‘order from
grid k to grid £
PUTF(k,F) Put function values F(x,y) into the Q space of grid k.
Each grid point (x,y) can have several values associated
with it. A parameter NF stending for number of function
values 1s associated with each grid. If NF > 1 then
PUTF inserts the first function value into Q space
PUTVF(k,VF) Put vector function VF(x,y) into the Q space of grid k.
PUTSF(k, j,F) Put scalar function F(x,y) into the jth function of
grid k; 1 s j s NF
PUTC (k, C) Replace function by constant in the above descriptions
PUTVC(k, VC) of PUTF, PUTIVF, and PUTSC,
PUTSC(k,§,C) - _ ’ i ‘
Routines 3 - INTERPOLATIONS
Name FUNCTION/DESCRIPTION -
CTF(k,2) Transfer coarse values from grid k to fine values on grid £
Fre(k,2) Transfer fine values from grid k to coarse values on grid 2
LINT (k,2) Perform linear interpolation on grid k and put interpolants
on grid ¢
Routines 4 - EXPOSURE ROUTINES
Name FUNCTION/DESCRIPTION
KEYS Supply user with array JR so that v(I,J) = Q(JR(IR+I)+J).
JR 1is the KEY array and S atands for single.
Single means each line consists of exactly one interval;
i,e., no continuation strings.
KEYG

Supply user with several arrays so that user can sweep
easily an arbitrary grid.

Table 1
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Several of the above routines are easy to implement. The more difficult
ones are in Routines 1 and 3, Since our data structure is predicated on the
interval many of the programs in Routines 1 become simpler if one considers the
corresponding operation for interval, In LUNION, for example, we consider
the problem of finding a union of intervals; i.e., given [al,bll,...,[al,bI]

and [cl,dll,...,[cJ,dJ] we want to form [el’fl]""’[ex'fK] as the union

of these two lines. An efficient algorithm can be implemented to solve this
subproblem; the algorithm can then be used as a subroutine within LUNION
to find the union of two grids.

A gimilar algorithm exists for the intersection of two sets of intervals.
However a complication arises which necessitates a type of recursive pro-
gramming, To see this, suppose [a,b] and [c,d] have a nonempty intersection
[e,f]. 1If [e,f] represents an interval of lines that are common to both
grid k and grid £ then [e,f] may not be m = knf. For this to be true each
i, e s 1 < £, must have the property that two lines in grids k and % associated
with 1 have a nonezpty intersection. In general [e,f] is itself an inter-
section of intervals. To find this out we must call the intersection of in-
tervals program for each 1; thus we have recursion of depth d equal to the
number of dimensions. This phenomena occurs whenever grid points are deleted
from a region; a change occurs in the quad structure when a part of the region
becomes - empty. Another example is the logical coarsening routine in which a
fine‘mesh .1s replaced with a ~coarse one; e.g., Hx = 2h and H = 2h . There

are less points in the coarse grid and possibly the quad structure changes
becauge of the coarsening.

Probably the most difficult routine to implement is the logical transpose
routine. The problem here is to convert vertical lines into horizontal lines;
i.e., interchange the order of sweeping. We will only mention that our solu-
tion is 0(q log q) where q 1is the number of quads. The log q comes in
because it appears crucial to sort separately the end points of the entire set
of intervals.

The Routines 3 are difficult because we accept essentially arbitrary grid
configurations. Let K and k represent a coarse and fine grid and assume
that K contains values which we want to interpolate to k. We use bilinear
interpolation and everything is okay when there are enough coarse points near
a fine point to interpolate. It turns out, even under reasonable assumptions,
that there are a large number of abnormal cases to consider. Proper pro-
gramming requires code to handle these cases no matter how infrequently they
might occur. It is the cataloging and programming of these cases that makes
the Routines 3 difficult. Also, we want to program so that code goes over to
nigher order interpolation; e.g., cubic interpolation,
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14, MULTI-GRID PROCESSES ON

LARGE ARRAY COMPUTERS
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15, MULTI-GRID EXPERIENCE ON THE MINIMAL-SURFACE EQUATIONS
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16, MULTI-GRID EXPERIMENTS TO ELLIPTIC PROBLEMS

WITH FINITE-ELEMENT FORMULATION
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17, RESIDUAL WEIGHTING
AND NON-DIRICHLET BOUNDARY CONDITIONS.
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18, DEBUGGING TECHNIQUES.
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